The problem of a test body in the Schwarzschild geometry is investigated in a Keplerian limit.
I. INTRODUCTION
The problem of a test body in the Schwarzschild geometry is of fundamental importance in understanding orbital characteristics due to general relativity. Detailed analyses and approximate analytical solutions of this geometry exist [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18] , emphasizing a first order approximate rate of precession of perihelia of Mercury and the unstable circular orbit and relativistic capture representative of extreme astrophysical environments. The general problem has been solved in terms of Weierstraß elliptic functions by Hagihara [19] , and more recently by Kraniotis and Whitehouse [20] .
Ashby [21] has solved the limited case of approximately Keplerian motion in terms of Jacobian elliptic functions, "...which are closer in spirit to trigonometric functions, with which most are familiar." In this paper, beginning with the Schwarzschild geometry, a solution to the limited case of approximately Keplerian motion is derived in terms of trigonometric functions. This approximate solution lends itself to easy comparison with the familiar Keplerian orbits (ellipses) of Newtonian mechanics and is consistent with both the reduced radius of circular orbit, commonly derived from the Schwarzschild effective potential, and the observed rate of precession of perihelia of the inner planets, commonly derived perturbatively. Additional insights regarding the sizes and shapes of bound relativistic orbits are provided, including a relativistic correction to eccentricity which may be subjected to observational tests. By analogy with Keplerian orbits, a relativistic eccentricity is used to define a Schwarzschild energy parameter, providing corrections to Newtonian energies for Keplerian orbits. The relativistic equation of orbit together with the energy parameterization comprise a simple model that is useful for a qualitative and quantitative understanding of the corrections to Keplerian orbits due to general relativity. This model is easily extended to include more general static spherically-symmetric geometries. Specifically, models are also derived for the Reissner-Nordström and Schwarzschild-de Sitter metrics.
The methods and approximations describing a Keplerian limit are detailed in Sec. II.
Beginning with the Schwarzschild geometry, an approximate equation of orbit is derived in terms of trigonometric functions. When compared to that of a corresponding Keplerian orbit, this equation of orbit clearly displays three characteristics of relativistic orbits: precession; reduced radial coordinate; and increased eccentricity. These characteristics arise as first-order relativistic corrections to the familiar equation of orbit describing Keplerian orbits. This solution is found to be valid for near-circular orbits requiring only small relativistic corrections. Predictions of relativistic precession and reduced radius of circular orbit are in agreement with known results. This provides confidence in a new relativistic correction to eccentricity. (The possibility of observing relativistic corrections to eccentricity is discussed briefly in Sec. II A.) In addition, first-order relativistic corrections to Keplerian apsides are predicted, resulting in the conclusion that the overall size of a relativistic orbit is smaller than a corresponding Keplerian orbit. By analogy with Newtonian mechanics, Schwarzschild energy parameters are defined using the virial theorem for circular orbits, and using a relativistic eccentricity for noncircular orbits, resulting in first-order relativistic corrections to Newtonian energies for Keplerian orbits. This simple model is substantiated by a more detailed investigation in Sec. III.
Again beginning with the Schwarzschild geometry, the derivation of a very accurate selfconsistent relativistic equation of orbit is detailed in Sec. III. This self-consistent equation of orbit is identical in form to the more approximate equation of orbit derived in Sec. II and predicts the same orbital characteristics. However, corrections to Keplerian orbits due to general relativity are described more accurately. For example, the predicted radius of circular orbit is identical to that derived by minimizing the relativistic effective potential.
This solution is accurate in predicting long-term behavior of Schwarzschild orbits for a large parameter space, as is demonstrated by comparisons with exact numerical solutions.
The more approximate equation of orbit derived in Sec. II is shown to be a limiting case of this self-consistent solution. A more detailed energy parameterization is investigated for comparison with the simple parameterization of Sec. II. This parameterization is constructed using the relativistic eccentricity derived from the self-consistent equation of orbit together with the relativistic apsides derived from the Schwarzschild effective potential. The energy parameters of Sec. II approximate well the results from this more detailed parameterization, lending value to the simpler approach and more approximate results.
The methods and approximations describing a Keplerian limit to the Schwarzschild geometry are applied to a more general class of static spherically-symmetric geometries in curvature coordinates [4, 5, 6, 22, 23, 24] . Specifically, the path of a small test mass in a static spherical spacetime is taken to be described by the metric ds 2 = e 2ν(r) c 2 dt 2 − e −2µ(r) dr 2 − r 2 dΩ 2 ,
where dΩ 2 = dθ 2 + sin 2 θ dϕ 2 , and e 2ν(r) = e 2µ(r) = 1
The Reissner-Nordström (Λ = 0) geometry is considered in Sec. IV, followed by the Schwarzschild-de Sitter (Q = 0, Λ > 0) geometry in Sec. V. These geometries have been shown to meet all of the conditions for physical acceptability [25, 26, 27, 28, 29] . In each of these cases the relativistic correction due to matter is considered to be the dominant contribution. The resulting orbital equations are of the same form as that derived for the Schwarzschild geometry, including additional corrections for each geometry. For examples:
there is an additional contribution to relativistic precession due to charge opposite in direction to the contribution due to matter; there is also an additional contribution to relativistic precession due to Λ, but in the same direction as the contribution due to matter. Numerical studies are provided only for the Schwarzschild geometry in order to establish the self-consistent approach. A self-consistent treatment of the Schwarzschild-de Sitter geometry is intractable and is not pursued. A concise summary of the results for the three geometries is given in Sec. VI.
II. SCHWARZSCHILD ORBITS IN KEPLERIAN LIMIT
The path of a small test mass near a spherically-symmetric central mass M is uniquely described by the Schwarzschild geometry [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 30, 31] .
where dΩ 2 = dθ 2 + sin 2 θ dϕ 2 . The singularity at the Schwarzschild radius r M ≡ 2GM/c 2 is irrelevant in the present context in which a solution far from the central mass is sought.
Consider orbits in the plane defined by θ = π/2. Parameterize timelike geodesics with ds 2 = c 2 dτ 2 , where τ is the proper time along the path of a test particle. Then, witḣ
, the equations of motion may be expressed as
where a Schwarzschild effective potential is defined as
The parameter r c ≡ ℓ 2 /GM is the radius of a circular orbit for a nonrelativistic particle with the same angular momentum ℓ, and the mass-related relativistic correction parameter is defined as
The Newtonian effective potential is recovered in the limit ǫ M → 0,
Time is eliminated from Eq. (6) usingṙ = −ℓdu/dϕ, where u ≡ 1/r. An equation for the trajectory of a test particle is then obtained by differentiating once more with respect to ϕ,
The conic-sections of Newtonian mechanics are recovered by setting ǫ M = 0 in Eq. (10),
where e is the eccentricity of the orbit and is taken to be positive or zero.
For approximately Keplerian orbits it is convenient to linearize the equation of motion (10) by making the change of variable
so that the last term on the right-hand-side of Eq. (10) may be approximated as
Equation (10) may now be expressed as
Defining σ c ≡ (1 − 6ǫ M )/3ǫ M and making the additional change of variable α
The solution is described by Eq. (11),
where A is an arbitrary constant of integration. In terms of the original coordinates, Eq. (16)
According to the correspondence principle, the solution must reduce to that of Newtonian mechanics in the limit ǫ M → 0. Therefore,
is identified as the eccentricity of Newtonian mechanics (11) . Then, to first order in ǫ M , Schwarzschild orbits in this Keplerian limit are described by Eq. (17), wherẽ
Therefore, Schwarzschild orbits in this Keplerian limit may be expressed concisely as
A systematic verification may be carried out by substituting (25) into (10), keeping terms of orders e, ǫ M , and eǫ M only. However, the justification for discarding the term nonlinear in eccentricity is the correspondence principle. Arguments concerning which terms to discard based only on direct comparisons of relative magnitudes of higher-order and lower-order terms lead to contradictions. Rather, the domain of validity is expressed by subjecting the solution (25) to condition (12) for the smallest value of r. Evaluating the equation of orbit (25) at pericenter (r =r − ) results in
so that, according to (12) , the domain of validity is given by
Therefore, the relativistic eccentricityẽ ≡ e(1 + 3ǫ 
A. Characteristics of Schwarzschild Orbits
The approximate equation of orbit (25) predicts a shift in apside through an angle
per revolution. This first-order prediction is in agreement with existing perturbative calculations [4, 22, 32] , as well as with other calculations [14, 15, 16, 17, 18] , and is well-known to be in agreement with the observed precession of perihelia of the inner planets [8, 13, 33, 34] .
Precession due to relativity is illustrated in Fig. 1 . The rate of precession is exaggerated by the choice of relativistic correction parameter (ǫ M = 0.1) for purposes of illustration.
However, relativistic orbits precess for smaller (non-zero), reasonably chosen values of ǫ M as well; Figure 1 correctly illustrates that relativistic orbits precess, a characteristic which is not present in Keplerian (central-mass) orbits.
The approximate equation of orbit (25) predicts a reduced radius of circular orbit,
This prediction is in agreement [1, 7, 35 ] to first order with that obtained by minimizing the Schwarzschild effective potential (7),
(A distinction is made here between the radius of circular orbit as determined from the Schwarzschild effective potential R c and that determined from the equation of orbitr c .) For
, the radius of circular orbit is predicted to be reduced,
The Schwarzschild effective potential (7) is compared to that derived from Newtonian mechanics (9) in Fig. 2 .
The approximate equation of orbit (25) provides the further insight that a non-circular Schwarzschild orbit is predicted to be smaller than a corresponding Keplerian orbit for a large range of eccentricities. The relativistic apsides may be expressed approximately as
where r ± ≡ r c /(1 ∓ e) denotes the Keplerian apocenter (+) and pericenter (−). The relativistic apocenter is equal to the corresponding Keplerian apocenter for e + ≈ 1/2. For all nonzero values of ǫ M , the apocenter is reduced for e < e + and increased for e > e + . The relativistic pericenter is reduced for all nonzero values of ǫ M . Therefore, for e < e + , the radial coordinate is reduced; the observed overall size of a relativistic orbit is smaller than a corresponding Keplerian orbit for e < e + . Using a perturbative treatment, Nobili and
Roxburgh identified a correction of the same order of magnitude [14] :
"There is a constant part, causing a variation in the average size of the classical orbit of the order of
e.g. ∼ 6×10 −9 for Jupiter and smaller for the outer planets; it is anyway smaller than the present accuracy in a and therefore can be neglected."
(Therein, a refers to the Keplerian semimajor axis.) It is possible that future experiments will be sensitive to this first-order relativistic correction to the size of orbits.
These characteristics are illustrated in Fig. 3 , in which orbits derived from the Schwarzschild geometry (25) and Newtonian mechanics (11) When compared to Keplerian orbits, the Schwarzschild geometry predicts orbits that are more eccentric,
This characteristic is also displayed in Fig. 3 , in which it is noticeable that the semi-minor axis is reduced more than the semi-major axis. This quantitative prediction may be subjected to observational tests. It is possible that part of the discrepency between observed and calculated eccentricities in many astrophysical systems may be accounted for by this contribution. Bosch et al. [36] find galaxy and cluster substructure eccentricity distributions to be strongly skewed toward high eccentricity. Also, the discrepancy in the eccentricity of the massive binary blackhole system in OJ 287 is found [37] to be of the order expressed by Eq. (34). Champion et al. [38] have identified an eccentric binary millisecond pulsar (PSR J1903+0327) "...that requires a different formation mechanism..." in order to reconcile the large eccentricity and short spin period.
B. Schwarzschild Energy Parameters
For a particular Keplerian orbit, identified by total energy, it is necessary to identify the corresponding Schwarzschild energy for an orbit described by the same angular momentum.
This provides a relativistic correction to Newtonian energies for Keplerian orbits. This is also useful when comparing orbital properties using energy diagrams. The generalized virial theorem [39, 40, 41, 42] provides this relation for circular Schwarzschild orbits, and is easily extended to more general metrics. Referring to (6) and (7), a Schwarzschild potential energy parameter for a circular orbit is defined as
(This ansatz is investigated in Sec. III B, wherein (43) is shown to approximate well a more detailed parameterization and is a good approximation for near-circular orbits.) Therefore, 
III. SELF-CONSISTENT KEPLERIAN LIMIT
The relativistic equation of orbit (25) is useful for describing characteristics of relativistic orbits in a Keplerian limit. However, the solution is inaccurate in describing long-term orbital behavior. It is easy to verify that (17) solves (10) only to first-order in ǫ M . The
Schwarzschild equation of orbit (17) may instead be expressed as
wherer c ,ẽ, andκ are defined in Eqs. (18)- (21) . Substituting (44) into the equation of motion (10) and discarding the term nonlinear in eccentricity results in the two conditions:
(r c /r c )
The first condition (45) is satisfied only to first order in ǫ M , and the second condition (46) is satisfied only to second order in ǫ M . Fortunately, consistency is achieved by takingr c and κ to be independent functions of ǫ M and making the following replacements in Eq. (44):
The constants κ 
A self-consistent equation of orbit may now be expressed as
with the following definitions:r c /r c ≡ 1 2
This solution is consistent to all orders in ǫ M , and the more approximate orbital equation (25) of Sec. II is recovered by expanding (52)- (54) and keeping terms first order in ǫ M :
e ≈ e(1 + 3ǫ M + 9ǫ
Long-term behavior is predicted very accurately using the exact expressions (52)- (54) . The radius of relativistic circular orbit (52) is identical to the result obtained by minimizing the effective potential (31) .
A systematic verification may be carried out by direct substitution of Eq. (51) into Eq. (10) using the exact definitions (52)- (54) forr c ,ẽ, andκ, and discarding the term nonlinear in eccentricity. However, the justification for discarding the term nonlinear in eccentricity is the correspondence principle. Arguments concerning which terms to keep based only on a direct comparison of the relative magnitudes of higher-order and lower-order terms lead to contradictions. Rather, the domain of validity is expressed by subjecting the solution (51) to condition (12) . Evaluating the equation of orbit (51) at pericenter results in
Therefore, according to (12) , the domain of validity is given bỹ
Wherer c /r c andẽ are given by (52) and (53), respectively. This condition is consistent with Eq. (27) to first order in ǫ M . Of course, the further condition ǫ M ≤ 1/12 is also necessary.
It is worth mention that this self-consistency program is independent of the eccentricity.
A replacement of the formẽ →ẽ + η 0 , such as in (47) and (48), may be imposed, but η 0 cannot be determined by insisting that the solution (44) satisfy the equation of motion (10) .
No adjustments are made to further increase the accuracy of the relativistic eccentricity.
The accuracy of the relativistic eccentricity is verified only by agreements of (51) with exact numerical solutions of the equation of orbit (10).
The self-consistent equation of orbit (51) is in agreement with exact numerical solutions of (10) for a large parameter space, including high-eccentricity (1 > e ≫ 0) and very relativistic environments (1/12 > ǫ M ≫ 0). These periodic solutions are compared using relative errors in radial coordinate and angular frequency separately. The relative error in radial coordinate is defined as
where r/r c is the exact numerical solution of (10), andr/r c is the self-consistent solution (51) . For this purpose solutions are compared over a small number or periods. The relative error in angular frequency is defined as
where κϕ n ≡ 2πn is the phase of the numerical solution over n cycles, andκφ n = 2πn is the phase of the self-consistent solution over the same number of cycles. This error is determined using n = 1600 cycles, and in each case ϕ n −φ n represents the total phase difference.
Errors for several cases, including relatively large values of ǫ M and e, are plotted in
Figs. 6-8. For reference: ǫ M ∼ 10 −8 for the earth-sun system (r c ∼ 10
for an outlying (r c ∼ 1 Mpc) giant spiral galaxy orbiting a cluster containing one thousand giant spiral galaxies (r c ∼ 10 6 r M /2); ǫ M = 10 −3 for a star orbiting a super-massive blackhole at a distance corresponding to r c = 500r M . It is worth noting that in every case the largest error is near apocenter (ϕ = π), and that this error is in favor of the stated characteristic of reduced apocenter. The exact numerical value for the radial coordinate is smaller than that determined by the equation of orbit derived in this Keplerian limit.
This self-consistent solution (51) is identical in form to the more approximate solution (25) of Sec. II. However, the coefficients (52)- (54) result in an equation of orbit that accurately predicts long-term behavior. The more approximate solution of Sec. II is a limiting case of this self-consistent solution, lending value to the simpler approach and first-order predictions.
A. Characteristics of Schwarzschild Orbits
The characteristics of Schwarzschild orbits are expressed more accurately using the selfconsistent equation of orbit (51)- (54). The self-consistent equation of orbit predicts the rate of precession to be
The second-order term ∆ϕ (2) ∼ 
This expression is in agreement with the Schwarzschild geometry; The radius of circular orbit as predicted by this self-consistent solution (52) is identical to that calculated from the Schwarzschild geometry by minimizing the effective potential (31) . The relativistic apsides
The relativistic apocenter is smaller than the corresponding Keplerian apocenter for values of eccentricity less than
(There is no correction first order in ǫ M here.)
The self-consistent equation of orbit predicts the eccentricity of a noncircular orbit to be increased,
δẽ/e = 3ǫ Mẽ /e (68) (38) and (52)
This result is also obtained by substituting the radius of circular orbit (31) into the effective potential (7), and is in agreement with the approximate relation (39) to first order in ǫ M .
More generally, a Schwarzschild energy parameter for noncircular, approximately Keplerian orbits is defined byẽ
where R ± = R ± (Ẽ) are the relativistic apsides as determined from the intersection of the effective potential (7) with a line of constant energyẼ. That is,
The solution is then inverted, yieldingẼ(ẽ). The cubic (73) is solved using Viète's (1540-1603) trick [45] ,
where φ ± = π ∓ π/3, and the following functions are defined:
(Notice that 2r 2 c ℓ −2 = −1/E c .) Therefore, the relativistic eccentricity is given bỹ e = √ 3β sin (
This is verified by settingẽ = 0 and calculating the energy of a circular Schwarzschild orbit, resulting in Eq. (70) . Inverting (77) results in an expression for the Schwarzschild energy
where
Dividing (78) by (70) and expanding in powers of ǫ M results in an expression comparable to the earlier energy parameterization ansatz (42) ,
In the limit ǫ M → 0 the Keplerian result (41) is recovered. The Schwarzschild energy parameter may instead be expressed in terms of the energy and eccentricity of the corresponding Keplerian orbit using (78) together with (53) and (41),
Neglecting terms of orders ǫ M e 
This result is similar to the energy relation (43) Referring to (83), the energy of a Schwarzschild orbit is smaller than that for the corresponding Keplerian orbit, until the energies become equal for
so that e 0 ≈ 0.55. The relativistic energy parameter becomes greater than the corresponding Keplerian energy for e > e 0 . This value of eccentricity is larger than that for which the corresponding apocenter distances are equal, as determined from Eq. 
IV. REISSNER-NORDSTRÖM ORBITS IN KEPLERIAN LIMIT
The path of a small, electrically neutral test mass near a spherically-symmetric mass M with charge Q is described by the Reissner-Nordström geometry [1, 4, 5, 6, 22, 32, 46, 47, 48, 49, 50] . The metric is given by Eq. (1) with
where r
, and ε 0 is the electrical permittivity of the vacuum. A far exterior solution is described in the Schwarzschild limit, so that r ≫ r M > r Q . Therefore, the singularities e 2µ(r 0 ) = 0 are irrelevant in the present context. The equations of motion may be expressed as
where an effective potential is defined as 
The parameter r c is defined in Sec. II after Eq. (7), and the charge-related relativistic correction parameter is defined as
The condition r Q < r M is equivalent to ǫ Q < 2ǫ M , so that for the extreme case in which
However, as discussed below, a consistent treatment of the ReissnerNordström (RN) geometry in this Keplerian limit requires the condition ǫ Q /ǫ M < and differentiating once more with respect to ϕ,
Schwarzschild orbits (10) 
The neglected term is only important when describing very close encounters (r ≪ r c ).
Following the procedure used to solve Eq. (10), described by (12)- (21), a first-order solution to (94) may be expressed asr
e ≈ e(1 + 3ǫ M ),
A systematic verification may be carried out by substituting (95) into (94), keeping terms of orders e, ǫ M , ǫ Q , eǫ M , and eǫ Q only. However, the justification for discarding the term nonlinear in eccentricity is the correspondence principle. Arguments concerning which terms to discard based only on direct comparisons of relative magnitudes of higher-order and lowerorder terms lead to contradictions. Rather, the domain of validity is expressed by subjecting the solution (95) to condition (12) at pericenter, resulting in
A. Characteristics of Reissner-Nordström Orbits
Characteristics of Reissner-Nordström orbits are described by comparison with Keplerian orbits, as in Sec. II A. The approximate equation of orbit (95)- (98) results in the following relativistic corrections:
δẽ/e ≈ 3ǫ M .
Relativistic corrections due to charge are counter to those due to mass, except that there is no charge-related correction to eccentricity. (The exact equation of motion (92) may also be linearized, resulting in a charge-related decrease in eccentricity of order ǫ M ǫ Q .) The rate of precession as predicted by the Schwarzschild geometry (29) is decreased when charge is present (100). This additional contribution to precession is identical to that calculated by Chaliasos [46] . (See also Teli & Palaskar [47] .) The radius of circular orbit as predicted by the Schwarzschild geometry (30) is increased when charge is present (101). For example,
,r c → r c . The radius of circular orbit as determined from (101) is consistent to first order in ǫ M and ǫ Q with the stable circular orbit calculated by minimizing the effective potential (93),
19
The RN effective potential (93) is compared to that derived from Newtonian mechanics (9) in Fig. 9 . (The Schwarzschild effective potential is included for reference.) The relativistic pericenter is reduced for
. The remaining parameter space is considered in two cases:
, the relativistic pericenter is enlarged only for very large values of eccentricity, 3 4 ≤ e − ≤ 1, for which the approximate equation of orbit (95) and resulting orbital characteristics (100)-(103) are not expected to be accurate; (Case II)
For large values 3 2 ≤ ǫ Q /ǫ M ≤ 2 it is necessary to include the higher-order ǫ M ǫ Q -term in the equation of orbit (92) in order to make a consistent argument concerning the value of eccentricity beyond which the relativistic pericenter is enlarged when compared to the corresponding Keplerian pericenter. This is avoided by defining a Keplerian limit including
(It is only necessary to impose
. However, it is convenient to restrict the problem to a smaller parameter space because the RN (93) and Newtonian (9) effective potentials intersect at r = r i given by r c /r i = ǫ Q /ǫ M . The problem is simplified if r c /r i ≪ 1, in which case r i ≫ r for all r consistent with the domain of validity as given by (12) .) Having addressed both cases, it may be stated that in this Keplerian limit the relativistic pericenter is always reduced. The relativistic apocenter is smaller than the corresponding Keplerian apocenter for eccentricities
B. Reissner-Nordström Energy Parameters
For a particular Keplerian orbit, identified by total energy, it is necessary to identify the corresponding Reissner-Nordström energy for an orbit described by the same angular momentum. This provides a relativistic correction to Newtonian energies for Keplerian orbits. This is also useful when comparing orbital properties using energy diagrams. The gener- 
According to the virial theorem,
whereT c is a RN kinetic energy parameter. Therefore, usingẼ c ≡T c +Ṽ c ,
wherer c ≈ r c (1 − 3ǫ M + 2ǫ Q ) is used in the last step. An approximate RN energy parameter is defined by ansatz as in (42), resulting in a relation between noncircular RN and Keplerian
(This ansatz is investigated in Sec. IV C 2, wherein Eq. (110) is shown to approximate well a more detailed parameterization and is a good approximation for near-circular orbits.) The RN energy parameter is smaller than the corresponding Keplerian energy for eccentricities smaller than e 0 ≈ 
with the following definitions:
e/e ≡ 1 1 − 3ǫ M ;
This solution is consistent to all orders in ǫ M and ǫ Q , and the more approximate orbital equation (95) is recovered from (111) by expanding (112)-(114) and keeping terms first order in both ǫ M and ǫ Q :r
(There is no correction of order ǫ 2 Q in the approximate radius of circular orbitr c .) A systematic verification may be carried out by direct substitution of Eq. (111) into Eq. (94) using the exact definitions (112)-(114) forr c ,ẽ, andκ, and discarding the term nonlinear in eccentricity. However, the justification for discarding the term nonlinear in eccentricity is the correspondence principle. Arguments concerning which terms to keep based only on a direct comparison of the relative magnitudes of higher-order and lower-order terms lead to contradictions. Rather, the domain of validity is expressed by subjecting the solution (111) to condition (12) . Evaluating the equation of orbit (111) at pericenter results in
Therefore, according to (12) , the domain of validity is given bỹ e/e + 2 1 −r c /r c ≪ 1,
which is consistent with Eq. (99) to first order in ǫ M and ǫ Q . This condition reduces to that for the self-consistent Schwarzschild solution (59) when ǫ Q = 0.
Characteristics of Reissner-Nordström Orbits
The characteristics of Reissner-Nordström orbits are expressed more accurately using the self-consistent equation of orbit (111)-(114). The self-consistent equation of orbit (111) predicts the rate of precession (28) to be
The effect of charge is to reduce the rate of precession predicted by the Schwarzschild geometry.
The self-consistent equation of orbit predicts the radius of stable circular orbit to be reduced by
(There is no correction of order ǫ 2 Q here.) This expression is in agreement with the ReissnerNordström geometry; The radius of circular orbit, as predicted by this self-consistent solution (112), is identical to that calculated from the RN geometry (104) by minimizing the effective potential (93). The relativistic apsides arẽ
(There are no corrections first order in ǫ M and ǫ Q here.)
There is no charge-related correction to eccentricity; δẽ/e is identical to that derived from the Schwarzschild geometry, Eqs. (68) and (69).
Reissner-Nordström Energy Parameters
A more accurate relation between the Reissner-Nordström energy parameter for a circular orbit and that derived from Newtonian mechanics is constructed using the virial theorem (108) and (112),
This result is also obtained by substituting the radius of circular orbit (112) into the effective potential (93). This expression is in agreement with the approximate relation (109) to first order in ǫ M and ǫ Q .
More generally, a Reissner-Nordström energy parameter for noncircular, approximately
Keplerian orbits is defined byẽ
where R ± = R ± (Ẽ) are the relativistic apsides as determined from the intersection of the effective potential (93) with a line of constant energyẼ. That is,
The solution is then inverted to giveẼ(ẽ). The cubic (126) is solved using Viète's (1540-1603) trick [45] ,
(Notice that 2r 
Dividing (131) by (124) and expanding in powers of ǫ M and ǫ Q results in an expression comparable to the earlier energy parameterization ansatz (42) ,
(There is no term of order ǫ 2 Q here.) The Schwarzschild result (82) is recovered by setting ǫ Q = 0, and the Keplerian result (41) is recovered by setting ǫ M = ǫ Q = 0. The RN energy parameter may instead be expressed in terms of the energy and eccentricity of the corresponding Keplerian orbit using (131) together with (113) and (41),
Neglecting terms of orders Reffering to (136), the energy of a Reissner-Nordström orbit is smaller than that for the corresponding Keplerian orbit, until the energies become equal for
so that e 0 ≈ 0.55 − 0.44(ǫ Q /ǫ M ). The relativistic energy parameter becomes greater than the corresponding Keplerian energy for e > e 0 . For ǫ Q /ǫ M ≪ 1 this value of eccentricity (e 0 ) is larger than that for which the corresponding apocenter distances are equal (e + ), as determined from Eq. (123). For example, choosing ǫ Q /ǫ M = 1/10 results in e + ≈ 0.48 and e 0 ≈ 0.51. This is expected since it is required thatr + > r + for any energyẼ = E > E c ;
Referring to an energy diagram,Ẽ must lie below E in order forr + = r + .
V. SCHWARZSCHILD-DE SITTER ORBITS IN KEPLERIAN LIMIT
The path of a small test mass near a spherically-symmetric central mass M including the effect of the cosmological constant Λ is described by the Schwarzschild-de Sitter (SdS) geometry [3, 4, 5, 20, 32, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65] . The metric is given by Eq. (1) with
where r 2 Λ ≡ 3/Λ, and Λ > 0 (repulsive). A solution is described in a Keplerian limit, so that r Λ ≫ r ≫ r M . The radius of the cosmological horizon is large when compared to the scale of the orbits. Therefore, the singularities e 2µ(r 0 ) = 0 are irrelevant in the present context.
The equations of motion may be expressed as
the procedure used to solve Eq. (10), described by (12)- (21), a first-order solution to (145) may be expressed asr
A systematic verification may be carried out by substituting (146) into (145), keeping terms of orders e, ǫ M , ǫ Λ , eǫ M , and eǫ Λ only. However, the justification for discarding the term nonlinear in eccentricity is the correspondence principle. Arguments concerning which terms to discard based only on direct comparisons of relative magnitudes of higher-order and lowerorder terms lead to contradictions. Rather, the domain of validity is expressed by subjecting the solution (146) to condition (12) at pericenter, resulting in 
δẽ/e ≈ 3ǫ M + 8ǫ Λ .
Relativistic corrections due to Λ include both increased rate of precession and increased eccentricity. (Recall from Sec. IV A that there is no correction to eccentricity due to charge.)
The rate of precession as predicted by the Schwarzschild geometry (29) The relativistic pericenter (153) is always reduced. The condition for whichr − = r − is ǫ Λ /ǫ M ≥ 3/2, which is inconsistent with the stated assumption of this Keplerian limit:
When compared to a Schwarzschild orbit the effect of Λ is to increase the pericenter for values e < 1/3 and to decrease the pericenter for values e > 1/3. The relativistic apocenter is smaller than the corresponding Keplerian apocenter for eccentricities
B. Schwarzschild-de Sitter Energy Parameters
whereT c is a SdS kinetic energy parameter. Therefore, usingẼ c ≡T c +Ṽ c ,
wherer c ≈ r c (1 − 3ǫ M + 2ǫ Λ ) is used in the last step. An approximate SdS energy parameter is defined by ansatz as in (42), resulting in a relation between noncircular SdS and Keplerian
The SdS energy parameter is smaller than the corresponding Keplerian energy for eccentricities smaller than e 0 ≈ 
VI. SUMMARY
The relativistic central-mass problem is investigated in a Keplerian limit. Beginning with the Schwarzschild metric, a relativistic equation of orbit is derived that is similar in form to that describing Keplerian orbits. This equation of orbit includes three relativistic corrections to Keplerian orbits: precession; reduced radial coordinate; and increased eccentricity. The prediction for the relativistic contribution to precession is in agreement with existing calculations and observations. The predicted reduction in size of a circular orbit is also in agreement with existing calculations. These agreements provide confidence in a new quantitative prediction of increased eccentricity, which may be subjected to observational tests.
The methods and approximations describing this Keplerian limit to the Schwarzschild geometry are also applied to the Reissner-Nordström and Schwarzschild-de Sitter metrics.
The resulting equations of orbit are identical in form to that derived for the Schwarzschild metric and include relativistic corrections due to charge (RN) and cosmological constant (SdS). In every case the relativistic equation of orbit has a form that is easily compared to that describing Keplerian orbits (11) of Newtonian mechanics,
The coefficientsr c ,ẽ, andκ provide relativistic corrections for each geometry. These corrections are given to first order in Table I . The first-order shift in apside (precession) per In the bottom two rows the subscript X represents mass M , charge Q, or cosmological constant Λ.
The parameter r c ≡ ℓ 2 /GM is the radius of a circular Keplerian orbit with angular momentum ℓ. Table II , left column.) The RN geometry predicts an additional contribution to precession in the opposite direction to that due to matter, while the SdS geometry predicts an additional contribution to precession in the same direction as that due to matter. For each of the three geometries, the radius of circular orbit is consistent to first order with that determined by minimizing the relativistic effective potential. The Schwarzschild geometry predicts a reduced radius of circular orbit.
Both the RN and SdS geometries predict an radius of circular orbit that is larger than that predicted by the Schwarzschild geometry, but still smaller than that for a corresponding Keplerian orbit. Schwarzschild orbits are predicted to be more eccentric than corresponding
Keplerian orbits, and a cosmological constant (SdS) serves to further increase the eccentricity. The presence of electric charge (RN) does not result in any additional contribution to eccentricity. Relativistic corrections to eccentricity may serve as additional tests of general relativity. Table I , bottom two rows.
This model and the resulting first-order corrections are valid for near-circular orbits (e ≪ 1/2) that require only small relativistic corrections
In addition to the properties listed in Table I , the overall size of a Schwarzschild orbit is predicted to be smaller than a corresponding Keplerian orbit. This is determined not only by the radius of circular orbit, but also by a comparision of relativistic apsides to those for First-order relativistic corrections to energies for near-Keplerian orbits are listed in the right column. The relativistic correction parameters ǫ X are listed in Table I , bottom two rows.
circular orbits are derived using the virial theorem. This is useful for comparing the energy of a circular relativistic orbitẼ c to the energy of a corresponding circular Keplerian orbit E c . This relation is summarized for the three geometries in Table III , left column. (See also Fig. 4 .) Because the relativistic orbits are taken to be very near-Keplerian, an energy parameterization for noncircular bound orbits analogous to that for Newtonian mechanics is investigated. The total energy of a relativistic orbitẼ is defined by simple ansatz,
whereẼ c is the energy of a relativistic circular orbit, andẽ is a new relativistic eccentricity derived in the context of the relativistic equation of orbit (161). Then, using the relation betweenẽ and e (Table I , middle row), together with the relation betweenẼ c and E c (Table III , left column), a relation between the total energy for a noncircular relativistic orbit and total energy for a Keplerian orbit is derived. This relation is summarized for the three geometries in Table III, Tables I, II and III already describe related geometries using simple replacements. The results for the Reissner-Nordström geometry are extended to include magnetic charge with the replacement
where P is the magnetic charge [4, 22] . The results for the Schwarzschild-de Sitter geometry become those for the Schwarzschild-anti-de Sitter (Λ < 0) with the replacement ǫ Λ → −ǫ Λ [23, 52, 54, 69] . It may also be possible to apply this Keplerian limit to more exotic objects such as wormholes [70] , naked singularities, and Boson and Fermion stars [71] . for these large relativistic correction parameters.
